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ABSTRACT

This paper is the first in a series devoted to the analysis of the
regularity of the solution of elliptic partial differential equations with
piecewise analytic data. The present paper analyzes the case of linear,
second order partial differential of elliptic type. It concentrates on
the case when the domain Q € R2 is a polygon, boundary condition are of
changing type and coefficients are analytic on Q. The main result states
that the solution belongs to a countably normed space based on weighted
Sobolev spaces of all orders with weights located in the vertices of the
domain and points where the type of boundary conditions changes.

These results are essential for the design and the analysis of the
h-p version of the finite element method for solving the elliptic differ-

ential equations of structural engineering. See [6], [11].
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1. THE PRELIMINARIES

1.1. INTRODUCTION

In applications, as for example in structural mechanies, the prob-
lems of elliptic partial differential equations are typically
characterized by piecewise analytic¢ input data. The boundary of the
domain i{s piecewise analytic with corners and edges, the coefficients of
the equation are piecewise analytic with interfaces having corners and
edges. The type of boundary condition is abruptly changing but they are
piecewise analytic, etc.

The regularity theory is typically developed in the framework of
Sobolev spaces. We refer here e.g. to the survey [15] and to the monogra-
phy [10], [14] addressing the problem of unsmooth boundary. We refer to
{2] for more classical results. Results mentioned above do not
characterize sufficiently accurately the c¢lass of solutions of problems of
applications. The detailed knowledge of the properties of the solutions
of problems of applications is essential for the design and .1alysis of
effective numerical methods for solving these problems. We mention here
e.g. the h-p version of the finite element method which was recently
developed and is very successfully used in practice.* For more about the
theory and practice of the h-p version we refer to [6], [17] [18].

The solution of the problem with piecewise analytic data is analytic
with the exception of special areas of the domain, where the solution has

singular character. Typically it happens in the neighborhood of the

*
Program PROBE of Noetic Technologies, St. Louis.
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corners of the domain, place where the type of the boundary condition
changes, etc.

This paper, which is the first one in a series of papers, deals with
the problem of characterizing the regularity of the solution of the linear
partial differential equation of elliptic type on a polygonal domain. It
addresses the case of constant and analytic coefficients. The main tool
of the characterization of the solution is the theory of countably normed
spaces based on weighted Sobolev spaces of all orders, when the weights
are placed in the vertices of the domain. The main result is that the
solution is from the set Bg(ﬂ) of functions which belong to the weighted

Sobolev spaces HE’Z(Q) for k = 2,... and |u] 5 < cd¥"2(k-2)1
He 2 (@)

with C and d independent of k. The main theorem of the paper is
Theorem 2.1 addressing the case of the Poisson equation and its general-
ization for the general equation with analytic coefficients i{s given in
Theorem 3.1. Theorem 3.1. can be further generalized for the case when
the coefficients have singular behavior in the neighborhood of the corners
too. (Problem of this type is important in appolications when nonlinear
equations are considered.) Chapter 1 gives basic notions and prelimi-
naries. Chapter 2 deals with the regularity of the solution of the
Poisson problem. Chapter 3 deals with fhe general equation and Chapter 4,

Appendix proves scme technical lemmas used in the paper.

1.2. THE NOTATIONS
Throughout this paper we shall denote integer by i, j, k, &, m,

n. By R1 and R2 we shall denote the one and fwo dimensional
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Euclidean space. If Q C R1 repectively Q < R2. then Q denotes the
. 1 . . n2
closure of Q in R, respectively in .
By @ we denote the polygonal domain in RZ with boundary dQ =

I', the vertices A;

i i=1%1...,M, and Fi, i=1%1...,M the open edges

of 32 connecting A;_; on Ay (AO = AM). Obviously we have 230

M
= U r.. By w; we denote the measure of the interior angle of Q at

Ai' We allow also w; = 2w, and w; = ® and the polygon Q has hence

1 1

L[]
o |

to be understood in this generalized sense. Let further T

= U T, r'=r-1°

iep
FO will be sometimes referred to as Dirichlet boundary and I‘1 as

where U is some subset of set {1,2,...,M}.

Neumann boundary.
By H™Q) (resp. H™Q)), m >0, m integer, we denote the
Sobolev space of functions with square integrable derivatives of order

$&m on Q (resp. Q) furnished with the norm:

2 a 42
Jul - o]
H(2) 0<|al<m Lo (@)
a = (oy,a5), @y 20, integers, 1 =1,2,
IGI = 01 + (12,
|
D%u - —é;—_g;_ Yy oal
1,72 172
ax, ax2 Xy X,
As usual HO(Q) = Ly(Q). Further let
Hé(ﬂ) = (u€H(a) | u=0 on r0)
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and
2 a g2 -
ul - Io"]
H"(2) la|=m Ho(2)

By r;(x) = |x-A;], 1 =1,...,M, we shall denote the Euclidean
distance between x and the vertex A; of Q. Let 8 = (By,8z,...,8y)
be an M-tuple of real numbers, 0 < 8; <1, 1 =1,...,M, |8]

M
= Z Bi' For any integer k let B8 + k = (B1tk,....BMtk). Further we

11 M8, M8
denote &g(x) = l_! r. (x) and eg, = TTr (x).
By H?'Q(Q), m>%& >0, & an integer (HE’O(Q) = HE(Q)) we
denote the completion of the set of all infinitely differentiable

functions under the norm

T U R S (TN NS
H’g' (2) H () |a[=% 2

. A N (TS T & -
Hz’o(n) Ha () la[=0 BTy (@)

For m = £ = 0 we shall write Hg'o(ﬂ) = g(@). The space H%’Z(Q) was
introduced and widely used in [5].

For 0< 8§ &2, 0<wg2 1 let

S = S§ = {(r,0)]0<r<s, 0<8<uwl,
Dau = —.a_l_cil- =
a, a a, a
ar 307 rle ?




7
‘!
4,
> and
&
- -
™) = 1 |r 2% 2.
|a|=m
. For 0<B<1, m24%L>1
-\ a,—-L+8
1
\ R R T BT R R (A o 1
. H™ ' (S)  <lalgm 2 Hg' (8)
and m > 0
3 a, +8
. L)
: HPos) = tu| Tt O g e WP, <
. 0<|al<m 2 Hg' (S)
\ Obviously
‘
N\
N 0,0 _ 40,0 _
: HB (S) HB (8) = LB(S)
o and
¢ 1,1 RN
HB (8) HB (s).
t
X We will show now that H§'2(S) = H%’Z(S).
. Lemma 1.1. Let O < § < ®». Then the spaces Hg'Z(S) and Hg'z(s)
with ¢B = r‘8 are equivalent.
Proof. Observe
:
P _ o = sin 8
ux1 = u, COs B = ug =
5 in 2 1
: Uxyxq = Upp cos®e - Upng 51: SN —5 u , sin“e@
A r 0
: - 1; U, sin26 - 75 Vg sin 28,
(] r
) % . u"'- Y »:._'n}'-':t-f'-'_‘b-’“w:.‘.'_“\:_‘n';‘-;_'-; ‘.-f.'}." s -:.‘-'..-;.“.'.‘.‘_'.} ;."..\-‘:-:_'.;'.;‘:.‘_'-..‘.‘.'.:.;. ; . . ..‘-('-._' -,\('-'.\.." -".-
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Hence
a1—2 o z a1—2 o
Ju | < r D7u] + I D ul
S .
)(1)(1 LB(S) Ial=2 LS( ) la|=1 S(S)
By Lemma A2 (see Appendix) we have for |af =1
u1-2 « 0.1—2 a
o' %l < ol I e ] ¢ lul )
Lg(S) af =2 Lg(S) H' (S)
and hence
lu, | < Clu] -
XX, lB(S) Hg,Z(S)
Similarly, we have the same relation for ux1x2 and uxzxz, and hence
Hg’z(s) C Hg'Z(S). The other direction follows directly. ]
w

Later we will investigate the case S6 when § = =, 1In this case

we will write Q 1instead of S“.

Lemma 1.2. Let Q be the polygon, then for j = 0,1 we have

2 2
(1.1a) [ oo .o lu,_. |%xdx, < clu]
p 18 x: Jx% V2 Hi’z(ﬂ)
2 -2y 2
(1.1b) [ oS, .r % Ju._ . |°r.ar.da8, < Clu] .
a 1+48° § r1i Jeg 111 H§'2(n)

where (ri,ei) are polar coordinates with respect to Ai’ 1 ¢ i & M.

Proof. We can write
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] m u)i
: R = a- [ s;(a)
) -1 i
“1
where 85 (Ai) < Q are sectors with the origin in Ai such that
i
sdi(Ai) {WSGJ(AJ) =9 for 1 #Jj. w; Iis the interior angle at A;.

Obviously ('.1a,b) hold on R. Lemma A3 yields (!.%a) on Ss (A;) and
i

Lemma 1.1 yields (1.1b) on Sg (A;). e
i
We also recall the spaces Wg(s) introduced by Kondrat'ev (see
c1ul, 0sh

: TR Y lul?
W.(S) = [(u r D u = u o,
8 0¢|a| <k Lo(S) w:(s)

Finally lef

lw)
i

{1,8] — =<1 <o, 0<6<ul

and for h >0 and k 2 0 an integer define

H;(D) = fu] 1 eth|Dau|2de9 = |u
0<faf<k H(D)

We will write also f{g(F) = Lh(D).

1.3. THE SPACES vé(n) AND B%(Q)

For % an infeger 0 < 2 £ 2 let

(1.2) w;’(ﬂ) Ga(x) Ju € Hrg’l(ﬂ), m > %}

and

(1.3)  BY@) (00w eviea), [10%]e < ¥ -0

aec-2 1 2(a)
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for |a|] =k =2, 2 +1,..., d21, C independent of k}.

For % = 0 we shall write BB(Q) instead Bg(Q). Constants C and 4
in (1.3) depend on u.

The space Bé(ﬁ) was defined in Cartesian coordinates. There is
also an equivalent definition of B%(Q) in polar coordinates.

Let (ri,ei) be the polar coordinates with respect to Ai’

i=1,...,M as before.

Theorem 1.1. Let 0 ¢ 2 ¢ 2. Then

a k-2
- ' =
(1.4) |Ip “]°k—z+s|L2(n) < cd” (k=) lal = k, k212
then and only then if
_Zal

at 2 7% 5 A P
(1.5) (£ 100 ul® ry Cop,_g.gridr;de)® < cidl k-
hold for all & < |a'| = k' (< k, a'= (a;,aé) and i =1,...,M. By

D?u we denoted differentiation with respect to the polar coordinates

(ri.ei).

Proof. We prove first that if (1.4) holds then (1.5) holds for every

PP

i=1,...,M. To this end we fix i and will omit to write the index

i. Then

K ke .
(1.6) u = Y ()u . cos” Y 8 sinY 8.

Hence

(1.7)




Lo o o an oo

°k-z+s'L2(n)

Za J k-3 J
j=0 X, x5

¢ 2K K H(k-ay

c 2t 2k A (k-0)1

and (1.5) is proven for aé = 0.

We show now by induction that for any k 2 1:

K m L 2
m (k) . 2
= & cos B u
(1.8a) Yk § r .; L %m, 3,0, ,0, 30 m-j_J
8 m=1 J=0 &,,8,20 1°72 Xy X5
21+22=m
m
]
(1.8b) D) |a;k; Lo« 3
§=0 &.,8.>0 eI’
1?72~
11+12=m
Suppose now that (1.8) holds for k =n - 1. Then
n-1 m L, +1 %
w o= S } a;njji o [-r sin ' @ cos %8 u m3+1 3
= = 2 J ’
0 m=1 j=0 21,2220 172 X, x2
11+22=m
+ r sin '8 cos 8 u m-j.j+1
X7 Ixd
11"1 942'.'1 Qa +1 12"1
+ (& sin 8 cos & - %, sin 8 cos

Comparing the coefficients we get

0 : .
)Ux$_3xi]
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(n) (n-1) (n-1)
a = -a +a
m,J|941’12 m_1 !.j'!"_‘llz m-1ij—199“’2‘2—1
(n-1) {(n=1)
+ L.a C - La .
1 m,j,£1+ ,»2-1 2 m,J.l‘—1,22+1

Thus

A(n) < m A(n-1) R 2A(n-1).
m - m m-1

Using the induction assumption we get for n =k and m £ k

and (1.8b) is proven.

Let now D = max(1,diam Q). Then for k 21, & <1

-2k 2.2 Y
(1.9) ([ P  |%05_, .. r dr d8)”
Q gk! Tk-L+8
K (k) (k+1-2) (M-1)
< 11 ) lam ol W [D le
m=1 J=0 &,,2,20 DAt Rt
21+22=m
k=2 (k) .m-2
< Cp oA dh T(mea)t
m=1
k
< CD; . 53¢ 57 (m-2)!
m=1 :

< Cbg_z(k-l)!

where C and D3 are independent of k.

By Lemma 1.2 we have for § = 0,1

m—1+8uxm-ij|L2(Q)

1 2
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K]
(1.10) j¢f1+8|u1_3. j]‘2c1x < cluli2 ) < ¢C.
’
N Q N 9 8 (Q)
H Hence (1.9) holds for all k 2 &. % < 2 and (1.5) holds for a = O.
W
g Combining the arguments we have used above we get (1.5) in the full
- generality.
¥
: 2) We will show now that if (1.5) holds for every i, then (1.4) holds
L]
H too. First we will show that for any k 2> 1
) K m L L
-, (1.11a) u K = D) ) b;k; ) sin 1e cos 26 r (k m+‘j)u -3 3
5 X< m=1 §=0 %, ,8.50 Trdr¥yety r"Jg
\ 1 1°'72=
21+12=k
- 1
- (opy B oy y oK) | <k K
. m X m,j,% ,2 = m!
3=0 £,,2,%0 1'72
21+22=k
h It is easy to check that (1.11) holds for k = 0,1. Analogously as in the
2 first part we get
- b (K) . kD) -~ pk=D)
: m,j,£1,22 m—1,j,11,9,2-1 m—1,j-1,9,1-1,9.2
: (k=1) (k=1) v (K=1)
- .b + L.b - (k-m+j)b
; 1 mn\j’11v9’2_1 2 m!.j19'1—1s9'2 ( J) m,Jj, 9'1o 2
i and hence
¥ BlK) ¢ aptKT) L gtk ptk) o pptket) 2x{*™"),
u, m = m-1 m m = m~1
\ Using the induction hypothesis we get (1.11b). Using (1.11) we get for k
N 2L and £ 2%

"-I --\-.,
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K
CD(k—z) 7 B;k)dm-l

2.2 Y,
(1.12) (flu  I% dx) " 1

k=2+8

I

(m=2)!

coék_l)(k-z)!

in

where D, and C are independent of k. For j =0,1 we have by

Lemma 1.2

2 ‘2J I

2 -
LR - Jejl rdr.de, < CIu < C.

Ty i

H2 20q)

Hence (1.12) holds for 0 < % <2, k 2 & and (1.4) holds for a, = 0.
The general case can be proven quite analogously. -

Theorem 1.1 yields an equivalent definition of B%(n). 0g g2

-2a
fu € ws(nﬂ(f K i 1+B|D u|2r dr dei)y

il
(1.13) BB(Q)

Cdk—z(k-l)! for any k > & and

I

la] =k; C and d independent of k, i =,...,M}

where (r;,8;) are polar coordinates with the origin in A; and D?u

=y o o’ In what will follow both definitions will be used
1.2
ry 8
interchangeably.

1.4, THE SPACES H™A(Y) AND HE %% 7%(v).
Let Q ¢ 82 be an open, bounded set with piecewise analytic

boundary 9Q and let Y be part or the whole boundary 3Q. We define

=)
HM 4(Y), m2 1 as the set of all functions ¢ on Y such that there
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exists f € H'(Y), with ¢ = f|y. The norm is defined by

o] _ = inf|f]
() H(Q)

where the infimum is taken over all functions f € Hm(Q) with £ = ¢
on Y.

Suppose that A; € 3Q or A ¢Q 1t =1,2,...,M, then we define

i
1 1
the spaces Hg’l (Q), & >0 as in Section 1.2. Let H:’4'2+4(Y).

m 1, £ 2 0 be the set of all functions ¢ on Y such that there

[\

exists f € H%'Q(Q) with ¢ = f|y and

inf|f]

ol

y Y 1%y Q)
B 8
The infimum is taken over all functions f € H?'E(Q) such that f|y = o.
By LZ(Y) we denote the space of the square integrable functions
on Y. We also define the space B%(Q), 0 £ L £ 2 analogously as in
(1.2) replacing 9@ by Q. Finally Bé_%(Y), 0 ¢ % <2, be the space of
all functions ¢ for which there exists f EB%(Q) such that f = ¢

on Y.

Remark 1. Although Bé(Q), 0L <1 1is not a subspace of H'(Q) the

trace of f € B%(Q) on Y obviously exists.

Remark 2. The norms I'IHm—V and |-} obviously depend
ZY)

-1 =1
H 7% 4%y
on Q.

Remark 3. In what will follow Q will often be the polygonal domain

- -l
and Y some of its edges. Although the set HJ 2 Lh(Y)  is

Y

e e T N A TS R R S N A S - LI S A SR IV I L I T
e .P\ .-\(‘_‘,- ,.._.q':}_ .‘-.., .\'...-\_.‘.-._ R ‘-..‘- RS QR L O vﬂ‘_‘. -~ ¢_..(‘. J'\.-\. ‘.\
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characterized only by Bi associated to the vertices of the edges VY,

-, =l
are defining the space H% 2 %=%(Y) in dependence on B = (By,...,By).

we
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2.

REGULARITY OF THE SOLUTION OF THE POISSON

PROBLEM ON A POLYGONAL DOMAIN

In this chapter we will discuss the regularity of the problem

(2.1)

where

“-Au = f on Q
u o= go on ro
%% = 31 on I‘1
- u T - -1
€D

FO will be called the Dirichlet boundary, F‘ the Neumann boundary. If

I‘O

(respectively Neumann) problem. If T

speak about the mixed problem.

Theorem 2.1.

0

3.
‘2-1

B

hig .
(31""'8M)’ 0<8; <1, B8 >1~ -~ (respectively 8; >

i

= T (respectively r! - ry, then we will speak about Dirichlet
# T and F‘ # T, then we will

The main theorem of this chapter is:

Let f € B%(Q), gl eBS (thH, 1 -0,1, 8=

L
1 S if
1

Dirichlet or Neumann boundary conditions are imposed on the edges ri,

Tyss Ty N Tyy = A and let 10 # @ Then the problem (2.1) has a

unique solution in

H'(Q) and u € Bé(ﬂ).

Remark 1. If ro = @ then the theorem still holds provided that f
and g satisfy the condition (2.38) and the uniqueness is understood

modulo constant function.

Remark 2. g1 should be understood as the vector g1 = (g},g; R g;);
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1 1 P 11
p 1is an integer < M such that g, = GQ~ P Fi =T, Gy € BB(Q).
12 1,2 f, =0
and | |°, ) e, 15, , -
Hy' () L (@)

Remark 3. It can be seen from the proof of the theorem that if
£ € HE,O(Q). g gHz*z-j.Z(Q), J=0,1, B8;>1 - g—, (respectively

By > 1 - Eﬁ—) and k 2 2, then the solution of (2.1) exists in
i

HE*212(0)  and

Jul < cwllel o ¢ 1

3
J+2,2 , Is IHk+2-J,2 )
<2 2(0) H0a)  3-0,1 .

(Q)
which is a kind of the "shift" theorem. Usually the shift theorem is
expressed in the terms of usual Sobolev spaces so that

m(k)

(
u = wt .z Ci@i
i=1

with $®; are singular functions and for w there is the same shift
theorem as for the domain with smooth boundary and without specific
estimates of various constants in dependence on k. Theorem 2.1 is in the
same way related to the known results but the authors were unable to find

the theorem characterizing the solution in the framework of the countable

normed space Bg(ﬂ) which 1s essential for applications.

Remark 4. The proof of the theorem utilizes simple expansions of the
solution, although this reasoning is very special. This approach is used
to illuminate the main idea which will be used in Part 2 in an abstract

form without uasing explicitly the mentioned expansion argument.

.....
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2.1. AUXILIARY PROBLEMS ON THE CONE AND THE STRIP

. Let
4 Q = s = {(r,8l0<r<® 0<8 < wl
[]
’ rfy = {r,6|0<r <= 8 =0}
I, = {r,0 | 0<r<= 8 =u}
and
. D = {1,086 ] -2<1<® 0<6<w
Iy = {1,0 | =< t<e, 8 =0)
) Ez = {1,8 | 2 <1< = 8 =0}

The spaces HE'Z(Q), £ ¢ 2 and Hg(D) be defined as in Section 1.2.
. Let C;(Q) be the collection of infinitely differentiable functions on Q
such that:
for any u € C;(Q) there exists a positive number A = A{u) such
that u vanishes on Q- Q) where Q, = {(r,8) | % <r <4 0K
8 < wl.
Analogously we denote by C;(D) the collection of infinitely
« differentiable functions such that for any u € C;(D) there exists A =

A(u) > 0 such that 4 vanishes on D - D, where D, = {(1,8) | -A < 1<

A, 0 <6 <w}. It is not difficult to show (see [12]):

3 Lemma 2.1%. C;(Q) (respectively C;(D)) is dense in HE'Q(Q)

(respectively H:‘1(0)). k2220, B

. -
- 7 At .t .

-'.. -~ ’-'.0 -."-'. —..-.'~ 'l"-". -.'-."n'.". .~ ."-'_>~~>'\~-‘.'--"u'."-‘- P YA S L - .4---~.‘-..'
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Lemma 2.2. The spaces HE’Q(Q) and f*ﬁ(D) are complete.

Consider now the following problem on Q,

(2.2)

where go and g1 are the traces of functions GO and G1

Q. By the change of the variable

D

\:(Tve) = U(e_rte)'

g r,0) -

defined on




Lemma 2.3. Let £ € L (D), G' ¢ Hi“l(o), £ =0,1, 0<h<2Z, then tne

TS e at o vl

solution u of (2.3) exists in Hﬁ(D), is unique and for 0 ¢ |a]| ¢ 2:

~12 2hty.a~2
(2.4) [o%] = [ D% |“ar de
Lh(D) D

» -

+

Eal

. < c[e

[y
it >~
o

|2
Lh(D) (D)

. alala
. o
\ 91

a

1 2

EL]

and C 1is independent of E and éi.

Proof. Because of Lemma 2.1 and 2.2, we may assume that E, ai ¢ C;(D).
+®
Denote by f(A,8) = F(f) = _E: [
Vom ~»

e P Ter,0)dr, Gia,e) = F(GL) the

Fourier transform (in 1) of f and Gi.

Because E, 61 € C;(D) the Fourier transform exists for all \A.

A = § + ih,

By the basic properties of the Fourier transform we get with

-» { § K ®;

i -

- (5,8) + 2%0(A,8) = F(A,8)  for B8 €I = (0,u),

36°

A _ A0 =0
(2.5) U(Xve)lez-g = 8 = G (A’e)l9=0'

S8 o =8 = 6'(A,e)|e=w.

The ordinary (homogeneous) boundary value problem for the equation

------- - TS e et e S et
PN T e e A e T e e e . R AP 4
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Lot

22
-u" + A°u = 0
|e=o Y =0
8=w

has the eigenvalues 1, =i g (k-%), &k =1,2,... and corresponding

eigenfunctions u = sin % (k-%)8. Hence for 0 < h < %; (2.5) has

always unique solution and by [3] [(12] (formula 1.14)

"2 Y
(2.6) [a] e el
HZ(I) L2(I)

“ 2 0,2 1,2
¢ clfr] e ey
L2(I) HZ(I) H (D

« 31620, 002 + a6 (uw) ] 2.

It follows from the basic property of the Fourier transform that for any

integer < k, s £k and any F in the set of admissible functions

k 2
9 F(r1,0) C2hrdT 46

(2.7) 8
31330478

Q0 -=>

. T (I | ht 6 F(1, S)I dr)de
0 -eo 31730

o+ih k
- ? f IAIZS l F(X 9), dr de.

0 ~=+ih

Hence for @ = F7'(4) we get




2~ 2
(2.8) [ o lé—gl dr do
D 36
2~ 2
(2.9) [ 1Y) av ae
D RS

By the interpolation space theorem

291uy2 2¢~12 2¢n -
YA | < Tl SRRy 1Y Jul
L, (1) H (1) L2
¢ OB, (1, gy + 1B, gy + 1)
2 2 36° 2
11 4y~
< cllle 2"« 5 R
2~ 2
1 43
L I + 5 1=l )
2C 30 L, (1y 2 ae2 L2(I)
2~ 2
Jy~e2 Jd u
< ¢ (1 |“|L2(I) |362|L2(I))
where C, depends on h but not on A and 4. Hence
w+ih
2ht
(2.10) J |3 ae' dt do = j [A] |ae|L (n @
-o+ih
®+ih -
b, y2 3 u
£ G _wlih (I bl o Ia 2|L (1))
We have also
T 1, BT, )
(2.11) f ¢ + Jc dA
—o+ih Ly (D H(1) H (D)
R S R e SRR SE LS SRS

23

2~ 2

9 Uu
=l
ae2 L, (I)

©+{h

#

dA
-=+in

"
| A

@+ih

J

~@+ih

|Q| dX
L(D)

(8]

..............
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w+ih

(2.12) f 1V316°0, 002 < c|em<3°(x,o)|23/2
—@+in H /S (R,)
< C|ehT50(A,6)|22
H™(D)
@+in . N
(2.13) [ e e ¢ " e |,
—o+ih H2(R, )

< clE o), .
H (D)

Hence from (2.6) using (2.8)-(2.13) we get for |a| = 2:

!
2ht,.a~ 2 ~i{¢2
(2.19) [ 7% S (<o S
D L 5 H2™1 (D)

For £ = 0,1 we have

(2.15) 2n7 2 2 drae = |X|22|u|22 A
1 -w+in L7 (D)
@+in .
-24 4yt 2
N B LY 1Y e
_arin L(D
R o L 18, )
< Ch | + G| ,_.
~ ®+in .
(2.16) | ezhr|%%|2dr s6 = | Iu]21 dx
D ©=ih H (D)




S % o

W

-
8%2% "4
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4
‘
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R A

and (2.4) is proven.

2) Let O € H2(D) and

. du
ile-0 = 3% = 0
B=w
Hence we can write
(2.17) 3(1,8) = I a.(1) sin 22 (4-%)
PN
Jj
(2.18) aj(1) = 2 T 3(r,8)sin 22 (5 - Y)de
wo w
" 2 9 3%3(1,0) 0
a;{1) = = T —= sin — (j-%)de
J w4 2
3T

2
= (f (3-%)) a (1),

Therefore for each j, j = 1,2,...,aj(r) satisfies

1"

2
aj(r) - (% (5-%)) aj(r) = 0

and

- Z(§H)n (3%t
(2.19) aj(t) = cje w + djew

.....
.......

___________
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Let now A > O arbitrary, then

o > [ @732 ar ae

and hence

1
ZC‘d1 n (e

2hA_ *ZhA)

Iya  -(on- I
w ()
- e

e el




0 s

P

7 TP~

».

222

(LY

a2 s 0 &K

=Pw'e a2 a A . &N

2 T
cdy e |5 - 2n)|A
= lim ( h + p e
A»e (- -2n)
(]
h (2h- Tya
+ '——_"— e Y.
(2h+ =)
w

Hence ¢;,dy = 0. Similarly we get cj = dj =0 for all 1< J <= [ ]

We have not explicitly used in the proof of Lemma 2.3 the
assumption h < g;. We have used only h > 0 and h # g; (k=%), k =

1,2y¢... Assumption h < %; is essential in the next lemma.

Lemma 2.4, Let the assumptions of Lemma 2.3 hold. Let in addition

£(1,8) =0, Gi(1,8) =0 for 7T <O. Then for ¢ >0 and 0 Y =h

+%;-€,6={r,e|—w<1<o, 0 < 8 < w} one has

I IDGG|2 ez(h_Y)TdT de

D

ce) [ [0%]2 e®ar a8, |af ¢ 2.
D

[PaN

Proof. Equations (2.17) (2.18) (2.19) hold, and

J ]u]z Mty a8 - % f E (1)|2e2hT d
b w3
Hence for A > 0 arbitrary
9 2 2h -2hA
I [a (0)]“e“"T dr = 2c.d.(1-e )
A 373




28 ) ‘
‘ e? -2(h- Z(3-%))a
, + — (1-e ¢ )
. Z(h- - (j_l/z))
N w
’ 2 LT
. d; -2(h+ =(j-%)A))
] + ————“J—— (1-e w ).
2(n+ =(§-%))
: Since 0 < h <« ;—w- and A > 0 1is arbitrary we have cy = 0, J =
e’
p 1,2,... and
Ca
0 42 -2(h+ =(3-%))A
. J’ Ia ( )|2 2hT dt - _____J____ (1_e w 2 )
J LN
Y -A 2(h+ —=(3-%))
o w
>
>
N
0 a2 -2(h=Y+ Z(3-%))A
N [ laj(0|2e2™ gy - L (1-e w ).
- - —{ §=}
- A 2(h-v+ w(J %))
) If 0<Y=h+Z=~-¢, €>0 then
.: i
. - - 2(- 5= *el1
2 [ latr,8)]2e207 ) 4q qe [ 15(,0]% 2 dt d8
& D D
A =2(Z (j-1)+e)A
i' 2 w 2
w ® dJ(‘!-e ) ® dJ
v = %’-um ¥ - < cg ¥
Ase j=1 2(e+ = (3=1)) j=1 2(n+ I = (3%
- ~12 2ht
N = I [u]“e“ dr ds.
- D
‘;: Similarly we have for [a| < 2
"
4
o -~ -
¢ [ %3122 VT s ¢ c | |o%i|22nT 9T de. B
4 D D
Cal
7
Ca
4

.
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Lemma 2.3 and 2.4 address the regularity of the problem (2.3) when on

I'y, respectively PZ, the Dirichlet with respect to the Neumann
condition has been given. The same statement holds if on ry and P2

the Dirichlet or Neumann condition are given.

Lemma 2.5. Let f € Lh(D), 0 ¢ Hﬁ(D) (respectively R HA(D)), 0 <

h < %‘ Then the Dirichlet (respectively Neumann) problem
2~ 2
(2.21a) —(3—% . 2 3 = £(1,0)
3T 28
- _ =0 _ =0
(2.21b) Ulgg = 8 = G 9=0
B=w 0=w
(respectively)
du I
(2.21¢) oo T B 7 O e
8=w 0=w

has unique solution in Hﬁ(D) and for 0 < ja| g2

(2.22) lDaﬁlf < C[lflf iny * |6°|2 (respectively IE:1 2 )]
h(D) ntP) 2(p H1(D)
h h

If in addition f = 0, 0 (respectively ') =0 for 1t <O then for O

SY=h+Z-¢ >0, 0gla] g2

(2.23) [ 0%3%)2e2 T a8 ¢ ¢ [ |%7]%e2M gt se.

D D

where 1*(1,8) = J{(1,8) for the Dirichlet problem and

..
-y



- o @ e e W

T t(7,8)de
0

G*(1,0) = a(1,8) - %

for the Neumann problem.

The proof is quite the same. 1In the case of Neumann conditions it

is enough to realize that the summation in (2.17) if for j = 1,2,....

Lemma 2.6. Let f € Lg(Q), 6l e H 212 q), 1 0,1,

0<8B8<t,

B >1 - %; and let £ =Gl =0 for r > 1, then the mixed problem

(2.24a) -Au = f(r,8)

oo - &8 - G

(2.24b)
ou

an =0 i I0=w

has a solution such that
1) (u- 6% €wiQ), u €H2Z(s)

i1) |D1u| < @

H(Q)
iii) There exists a constant C independent of u,
that for Ja] g 2
1
<

2 2 i
(2.25) [ul%, , < CEIFILB(Q) * zo |G |H2-i,2-i ]

HB (s1) i= g (Q)

where Q = {r,8 | 0<r<e 0<8<uw

and S, = {r,6 | 0<r <1, 0<6<ul

- o e e et I B T I B L.

."f..n'.‘-‘.:-',;.‘~-'.~q'.‘-' {";‘.ﬁ. SRR e T A _~..‘;'\' DR
P . s .
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3 Proof. Assume first that G0 = 0. Let 0<h=1-28¢K %; and 1 =
. n %. Then we have for f(1,8) = esz(e'T,e) and G'(1,8) =
e 76l (e T,0)
(2.26a) [ "T|F(1,0)|%dr do
s D
3 = [ 27T 6) 241 a6
s D
: = [ r®Biecr,0) [ ar do
.: Q
:; 2
. Itl;
' B(Q)
-
- cht =1 2
s (2.26b) [ e“"T|G (1,0) [t de
) D
a = [ 6t r,0) % ar e
1 Q
) = f r2(8-1)|G1(r,9)|2r dr de
; 5,09,
) where we denoted
5 Q = (r,8)] 1T <r<e, 0<B<uwl

By Lemma A2 (see Appendix)

f rZ(B-‘)[G1|2r dr de

51

2(Bra;=1) 412
< ¢l ] r |D7G |“r ar g8
|

Ta o 9%a
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+ f r28|G1]2r dr deJ

S
and !
I r2(8-1)|01|2r dr de
Q%
< [ 16'1%r ar qe.
%
Hence
~ 1
16l 5y < clol
H. " (Q)
B
and for aq + ay =1
. 2(a,-1+8)
[ e2hT|G1a . 2410 = [r |c‘a . I%r dr qe.
D g 2 Q plg 2
Therefore
=1 1
(2.27) Ié'] | s cle'l,, -
H, (D) Hs' Q)

Using (2.26) and (2.27) and Lemma 2.3 we see that the equation

-(d, +dgg) = f in D
(2.28) dlgg = O
ai =1
W|9=w = G lo-w

has unique solution Efiﬁ(D) and (2.4) holds. Let u = (n %, 8),

then u satisfies (2.24) and for |a] < 2
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2(0:1-2'*8)

(2.29) [r lo |2r dr d8
Q plg 2
- [ |%d+ do
D a1 0.2
T 6
22 =142
< clr} + 6| ]
L, (D) H! (D)
2 142
= clir} + o' | 1.
La(Q) H;.x(Q)

Hence u € wg(Q) and (2.25) is proven for G0 = 0, For GO #0 we

define w = u - GO; then

-aw = f + AG° = T
w| 8= 0
0
1 1 1 -1
r 2%\ = (& -3 é%_) = Gl -
f=w I’Z 2

Applying now (2.29) (respectively (2.25)) to this case we get w € wg(Q)

and

2

1 P
He*<(s,)

A

2
.

', 1 ]
Hy'' (@)

-2 =1
C[IflLB(Q) + lu

in

2 2
ciir] DR [l R ]
L@ .5, Hz L2=ligy

which proves (2.25) in full generality.




Let us prove now that |D1u| 0 < ®,  (2.25) shows that

H (Q)
|D1u| 0 < ®, hence we have to prove only that
H (31)

1 -
10 ul , Q,=Q-5S,.
@) ° 1

We have by Lemma 2.4 for h=1-8 and 0 < Y = g; +h-¢ €>0

2(a, —2+8)+2Y
(2.30) [ [p%lfr
Q2

rdr de = [ 10°5122 M4 g0 <
D

Particularly for @ *ay = 1 we have for 0 < ¢ < g;

2(=1+B+1-B+ =~ -¢)
[ |ur[2r ar a8 ¢ [ fulr 26 Thg rdo
% %

2(a1-2+8)+2Y

|2r rdrdg <=

|y,

2(-2+p+(1-B)+ g— -¢)
w

S f lue|2r‘2(~2+8)+2Yr' dr de <

%

and (ii) of Lemma 2.6) is proven.
Analogously we have

Lemma 2.7. Let £ ¢ lo(q), o eng27l(Q), 1-0,1, 0¢8 <y,

then the Dirichlet (respectively Neumann) problem

IR R TRE N
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’ (2.33a) -au = f(r,9)
1,
(2.33b) u _ 0 _ 0
Irr, - & - lrur,
)
v . Ju R R
(respectively an|r ur. - &8 = G lF ur )
172 17°2
N has a solution such that
N
i) (u-¢9) ¢ wg(o) (respectively u ¢ wé(Q)), u € H§’2(31),
. 1
SR 2544 I < w
H(Q)
. where u*(r,8) = u(r,e) - % T u(r,8)ds for the Neumann problem,
8 0
! 0
i 11i) (2.25) holds with G' = O (respectively G° = 0).
Let us prove now
Lemma 2.8. Let u € H'(Q) = (u] IQ [0'u|%r dr d8 < =, u[ro = 0} and
j: u=0 for r >1 be the solution of the problem
: -bu = f
y 0
5 u = G
\ |Fo lFO
9u i
it = G|
8n| 1
1
r r
with £ € Lo(@), ol en2™1:27(q), 1=0,1, 0<B<1, 8>1 -2~ for
B8 B 2w
? the mixed problem and 8 > 1 - g for the Dirichlet and Neumann problem.
:',' R T Tl S SR R T - -
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Further let w ¢ WE(Q) be the solution of the same problem given in

Lemma 2.6 and 2.7. Then u =w if FO # @ (i.e. for the Dirichlet or

mixed problem) and u = w + ¢ if =@ (i.e. Neumann problem).

Proof. We first prove the lemma for the Dirichlet problem. We may

assume G° = 0. Since |D1w| 0 < » by Lemma 2.7, we have for every
H (Q)
ol - 1,12 - =
v ey =tv ] [ | W% darae<e, v =0, v=0 for r> AW
Q r
I (w, v, + L VoW )r dr d6 = f (u.v, + 1 UgVg)r dr de
r'r 2 878 r'r r 68
r Q
and hence
g ((wpmup vy, + 15 (wg=uglvg)r dr d8 = 0.
.r

Because ﬁ%(Q) is dense in ﬁ’(Q) the equality holds also for
Vv = W-u. This immediately gives w =u + C and obviously C = 0. Now

we prove the lemma for the Neumann problem.

Let u* = u - 1 T u(r,,8)d8 = u -by(t) and w* = w - T 1 w(r,8)de =
(.UO 0(1)
w = ag(t). Then by Lemma 2.7 |Dlw*| 5 < », Let
H(Q)
:1 142
HY Q@ = (u | [ |0'ulr ar d6 < =, [ u(r,0)d6 = O},
Q 0
Then for any Vv € ﬁé having bounded support
1 _ l_.‘<
j (v, + = ugvg)r dr dé = f (ufv, + > Ugvg)r dr dd
Q r Q T




1
= I ("rvr + LE weva)r dr d8 = I (w;vr + = wgve)r dr do
r Q
and hence

[ (ur - v, + L5 axy - wgdvgr ar e -
) r
Since the set of v € ﬁé(Q) having bounded support is dense in 91(0) we

get u¥* - w* = C. Thus

U~ w = u¥* - w¥ = aO(T) = bylr) = C(r)
36

and because u, w solve the same problem and obviously = 0, we ger

é Crvrr dr d& = 0

.
for any v ¢ H = {v | f ID'v]2 dr d8 < =. Hence C(r) = Cy * Cp log =i
Q

but C(r) = (u - w) € H‘(S1) by Lemma 2.7, and hence C, =0 and u - w

Cqe ..

THE REGULARITY OF THE SOLUTION ON A POLYGONAL DOMAIN Q
1 1
Lemma 2.9. Let g = G|Y € H222(Y) where Y is the edge of aq.

Then (&g ,,G)|y € Ly(Y).

Proof. Let T. =Y 1is the edge connecting the vertices A

i and Ai’

i+1
let Ai be placed in the origin and I‘i lies on the Xq~ axis. Assume

W
thaf 561 ¢ 2. It is sufficient to prove that on I, = (0,8)

i*

? 3 2
[ PPlo(x,,00[%ax, < = with 8 =8
0

Ler F rBG. Then
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By Lemma A3 of the Appendix

]
o ¥
"
Y

: IF, 1 < el

3 X, LB(SG) H"‘(Q)

- 8

. and hence

5 R R

- H (S,.7) 8

-~ )
; By the imbedding theorem F € Lp(IG) for any p > 1! (see [1]) and
; IFILp(Id) .<. CHF|1 wi S CIGIH1’1(Q).

“~ !

> H (S,") 8

.l

- Hence

T 8

- 2 -8 2

g Ir°cl = J r | F|%dx

> L2(15) 1 1

J
1/q 1/p

. ~B 2

- <oclf pYax) (] 1FP)

- Is Is

r
o

'y

2 -

‘\._‘ < CIFILz (16) < L“IF|1‘ wl < CIGIH"‘(Q)
" P (s.7) 8

-~ )
>

> 1

o where E+a=1 and 89 <1, p>1, q>1. [ ]
t; Lemma 2.10. Let f ¢ LB(Q). Then f fv dx is a linear continuous
Lat Q

N functional on H'(Q) and || . < clefy (2)

= (H () g

= The proof follows easily from the Schwarz inequality. See also
> 2], [

Lemma 2.1V, Ler f € Lg(2) = H (), o' ¢ w3127 1(n) anga |ry| ¥ o.

.
e a

s
. v




Ulro =

du
on r1

has unique solution u € H‘(Q) (in the weak sense) and

(2.35)

:

< cfje] +
L@ "

I - I P
0 H2 i,2-1i

Bl |
H (Q g ()

) )1

Proof. Without loss of generality we can assume that Go = 0 because

0
9G € H1,1

% g (Q). Applying Lemma 2.10 it suffices to show
i

acP € Lg(a) and

that

f g1v dx

I

is a linear functional on H'(Q).

We have

(2.36)

i
2.37) | rBvas < (f r BPas)P (J |vlzqu)q < Cclvi

F1 r1 r1

and (2.36) together with Lemma 2.9 and (2.37) shows that

1 1
| g'vas| ¢ clob,, I, .
r1 H?* (Q) H (Q)

The Lax-Milgram lemma yields (2.32%) and the unigueness.




Remark. If || =0 and

(2.38) f f dx + j 31 ds = 0

Q rl

then Lemma 2.11 holds in the factor space modulo a constant.

Proof of Theorem 2.1. Consider the polygonal domain shown in Fig. 2.1.

Let

31,51 = {ry,80 | 0<r; <8y, 0< 8 < uwyl

where (ri,ei) are the polar coordinates with respect to the vertex
A;. (See Fig. 2.2b.)

Let §&; < 1, be such that 51,251 n Sj,ZGJ =@ for i +# 3, 1,]
1,...M. By Lemma 2.11 there is a unique solution of (2.1) in H‘(Q). By
Theorem 5.71, 5.71' and 6.61 of [16], u 1is analytic in Q@ and on Ty,
1 <1 <$M (because f and gi are analytic functions by our

assumption). Hence Theorem 2.1 holds on Q - Si s./ur 1 = 1,...,M and in
7

particular we have for |al =k, k 22

a
(2.39) Ir; 0%, < ¢, . d2(k-2)1

L
8 (Si,ﬁi Si,éi/2) 1,0 1,0

i

Hence, it is sufficient to prove that in each sector Si,61/2 1<ig¢ M

and Jal =k, h 22 we have




T

Fig. 2.1. The polygonal domain.

).

Fig. 2.2. The scheme of coordinates (r‘i,e.1




M an SR an gn aes 2

e

a1—2
(2.40) |ri

k-2
y by

A

%2
?’ul,; P “(k-2)!

(S

i 1,61/2

with Ly, Dy, P; independent of k (see also Theorem 1.1). There are

three cases to be considered
1 oryer ot

0

ii) ri,r1_1 c T

iil) ri’ r1_1 C l"1.

We may assume that Ai is located in the origin and ri lies on x4-

axes. To simplify the notation we will write Si,ai = S6 and 8; = 8,
etc.

We will prove case i) only. The proof for the other two cases is
analogous.

Obviously the solution of problem 2.1 satisfies

-Mdu = f
(2.41) ul- = 69|
Iy Iy
du _—
an' =~ oY
Fi-y Ty
where
FQ = FQ ﬂ Sé’ Q. = 1-1’1
Let

N T L P . .
N M%) *\f Pt RO AT A _-\.- ‘- .

» -

P it and PP "
S YA AL Ak AR A M AR A Ak it

g Cup e

AR RS

3% ==y

4

* ¢ o ]
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¢y € c™(rR])

Polx) = 1 for 0 xgY
¢o(x) = 0 for x 21
r
¢ 5(r) wo(g) = ol(r).
Denote
v = Qu.

Then, by zero extension outside SG’ function v 1is defined on the

infinite sector Q = {(r,8) | 0<r <e 0< 8 <w}l and v satisfies
-Av = £+ wVoVu + upgp = £
- 0 I~
(2.‘42) Vle=o = oG le=o = G le=0
v 1 3v 1 =1
= = == = 0G|, _ G |, -
an =0 r e|e=w 8=w 8=w
Obviously v € H'(Q) and E, 50, G' =0 for r >1. Denote by w the

solution of (2.24) mentioned in Lemma 2.6. The using Lemma 2.8 we see

that v = w and hence by (2.25)

(2.u3) Ivl < clf

~0 1
A [ + 6} ]
H ) H22(Q) H;’1(Q)

lLB(Q
8

2,2

g (Sd)

1

< clfr

In (2.43) we have used the fact that

B

¢=0 for r >

A; = 0 for

8
O<r<§

and

r>346

we have

ST e e e
. PR Y

=4
I R L PSP
Le(Sg) 45 22k

5.

\- ‘-‘\.\ \ °. - ’ X

1.
(Sg)

Because

Ve =




R

4y

Because f € Bg(ﬂ), Gl ¢ Bg‘i(ﬂ) we get immediately from (2.43)

(2.54)  Jul = v] < vl
2,2 2,2 2 2,2
H (sé) Hy (sé) Hg' (S
2 2
{l 11t | }
< cilr] + [ + Ju
= L(S) - 2-9,2-3 1 e
878"  2=0 He (84 H (S4-S )

with C, dependent on & and u. Hence (2.40) hold for [a| = 2. Let

(2.45) Ve = r‘kurk, k 2 2.
Then
-
- _ k-2,..2
Av, r (r f)rk in S
(2.46) v = rkGO
{0 6.0
3v v
SEK & aek, = (”kc1k + ke 1le—1) .
L B=w O=w r r f=w

Lef w, =¢V,. Then

“Aw, = - oebvy - V(vak - Vi he
and
k~0
W = or G
kle=o rklg=0



Hence analogously as before

k-2, 2
< cllr” “(r f) "
s.) LB(SG)

|Vk|H2,2[
B 78
2

+ vl vl
k1,10 ko
He' (s g) HglSg
2

kg0 k.1
L ol L
R Kt s

(SG) r He 5

k-1 1

¢kl Pk

(S )

Because f € Bg(ﬂ), ot € Bg—i(ﬂ) we have

T 2(r2f)

|
LB(SG)

(2.48b) irc”, | -1,2-1
r HB

Using (2.39) we get

leIH1,1
8

(Sd-sd

.‘D""','u' “» .. .‘-"f '. - ' v '.',\-'_'.' o '{' . ‘..' . '.
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-2
v, | < Cendy " (k-2)!
K'H0(s . -s )
B T8 78

2

- o &

with C independent of k (depending on §). Hence

(2.49) v, | < cdfk

2,2 636
Hy'“(Sg,5)

with Cg, dg independent of k and L, D, P. Assume now by induction

that (2.40) holds for k' < k. Then we get using (2.49)

(2.50a)

IA

PN Cd¥k1 + 2kLDX T (k=11 + k(k-1)LD¥ 2 (k-2)1
k2L (s, ) 6%6
A Rt W W .

LpKk1

[PaN

provided that D and L are large enough. Further with P > 1, e.g.

P=2
(2.500) ' < Cd% + k(k-1)1LD P < LD¥Pk!
K +1 (S = 7676 =
e’ 8°%1,6,)
k-2 6 k.2
(2.50¢) I v, (s ) & Cedek! < LKTPTK!

ro 8 i,éi/Z

Inequalities (2.50) yield (2.40) with ) 22 and a, < 2.

Let us now prove (2.40) by induction with respect to ap: Let v =
@
r ud

01602—2! a2 2 29 Q? + 02 = k, O,A’ 2 2, then
r

M PR I S S
PR
. . .

Nt . e -~ - e e L. PR P - . n . - . . . . .- . - . . Al At
RGO T K e e e e ey i e e et T s . et e CNt e L e e e e NN T .
N AR T, S R R A CR TR L LR o ARV PR A . X . b a4 o
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e e

Lot

y7
o, =2
- - 1 2
AV = r (ref o‘2_2) o
0 r
and also
a1+2 aq =1
-Av = -r u (11 o (2“1' +1)1" u a1 +1 0,2_2
r 86 r 0
2 72
T agr Uy, a,-2 PEU o 42 a,-2
r 1,92 r 1 6 2
Hence
a1-2
2.51 r
(2.51) | u a, azlL s )
r 9 B "8/2
(11-2( > ] a1—1
< e rof | + (2a,+1) |r u L, o ol
ay=2’ ay il (8, ) ! a,+t ay2ilo(s, )
0 r r )
a, -2 a
2 1 1
+ af fr u A +|r u | .
! ay aym21 Lo (8, ,5) a,+2 a,m20L. (s, ),)
r © r ]
Because f € Bg(Q) we have
o, -2
1 2 k-2
(2.52) Ir (r°f ) < C,dy “(k=2)!
a2’ ayllg{sg ) 33
8 r
By induction assumption
a, =1 a,—2
(2.53a) I g aali(s ) € TR ke
2 Br"8/2
r §)
a a,-2
(2.53b) Ir " w2 a-2hL (s..) ¢ LD*"2p 2 (k-2)1
r 1 9 2 B768/2

e T e e e T e e T T
O AN O TR ARG N AP
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a, -2 a.-2
(2.53¢) |r-1 u | ¢ LK P 2 (k-u)y
a, a -2 (S, ,.]
1 %2 B 5/2
r 9
Hence from (2.47)
a1—2
(2.54) |r u
% % LB(Sd/.?)
r o
a, -2 a.—2 a.,-2
< (k-2)![c3d‘3‘ 2, oK% ' 4 LpKT3p 2 (20,41) + LpK~Hp 2 uf]

a
I..Dk 2P 2(k—2)!

A

provided that L, D and P are sufficiently large. Similarly we can
prove (2.40) for a5 2 2, a4 =0,1.
Theorem 2.1 is proven for the case i). The other cases are

analogous.

Combining our results for every vertex we easily complete the proof.

SR R SRC RS BT AL S SR I A ST S S NP L Sy ST SR S e

P S e e et M e e e et e,
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3. REGULARITY OF THE SOLUTION OF THE ELLIPTIC EQUATION

IN A POLYGONAL DOMAIN &

In Chapter 2 we analyzed the problem of the regularity of the solu-
tion of the Poisson problem on a polygonal domain. In this chapter we
will consider the general case of the elliptic equation of second order

with analytic coefficients.

3.1. THE PROBLEM AND ITS BASIC PROPERTIES
Let

2
(3.1) Lw) = - ) (ay jux-)x. D) bju, *+ cu.
. . 4 i s =

Let us consider the problem

L(u) = f in Q
0
(3.2) u = g° = ¢
0 o
Ju 1 2 1
T g = G|, on T
1 r
r
where
© - v, 1t o-or- ro,
i=D

and ng is the conormal.

Let @ be the polygonal domain in R2 and Fi be the open edge

of 30 (see Section 2.1),

-
-

ni-r'r "’m.\{.u\‘ .5 ‘:' 4 '-

PRI



sy
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About f and gi, i =0, we will make the same assumptions as in

* Theorem 2.1 but replacing wy by 0 < w; < 28 which will be defined

later. About the operator L we will assume

& . . . =
& i) 33,5 = 35,11 by, ¢ are analytic function on @
y
8 ii)
]
. 2 2 2
_: (3.3) z ai,jﬁiij 2 U0(£1 + Ez), Hg > 0,
. %,3=1
S i.e. the operator is strongly elliptic.
. iii) Denote (see Section 1.2)
Hy(@) = {u €H'Y(®) | u=0 on r%
- and
X Blu,v), u€ Hy(R), v € H)(R)
-; be the bilinear form
j (3.4) B(u,v) = £ (ai,juxivxj + bi“xiv + cuv)dx.
We assume that
N
3 inf sup |BCu,v)|] > Y >0,
. lul , =t ], o
: (3.5a) H(Q) H (Q)
0, 1 1
. uéHo(Q) VEHO(Q)
)
; (3.5b) for any v € Hg(ﬂ), v #0
)
) sup |B(u,v)| > o.
A af 4 =t
) H ()
1
: u€HO
’
o«
?
;

MRS
o"u"-'.‘.

A A e
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Conditions i), ii) guarantee the existence and uniqueness of u € Hy(Q)

such that
(3.6) B(u,v) = F(v)

holds for any v ¢ Hé(ﬂ) for any F(v) € (H%(Q))', i.e. F(v) Dbeing a

linear functional on HO(Q). In addition we have

(3.7) < cfFj

Il = 1
H (2) (HO(Q))'

-

with C independent of F.

For the proof see e.g. [4], p. 112. Hence we have

Lemma 3.1. Let f € Lo(a) - H:%(), ol € 871-271(a) ana |19 #0,
B = (By,..0sBy)y O < B; < 1. Hence (3.2) has unique solution u €

H‘(Q) (in the week sense) and

Jul < clisl A 1 I
H' (2) L (@) i=0,1 Hg 1,278 g,

The proof is complefely analogous to the proof of Lemma 2.11, only

replacing Lax-Milgram lemma by its generalized form based on (3.5), (3.6),
(3.7). B

Remark. Condition (3.5a) and (3.5b) exclude the case when o - o.

Nevertheless this case which occurs e.g. in the case of Neumann problem

and b, = C = 0 can be freated in the usual way by resfriction of HS(Q)

4

fo a modulo space.

0 be the operator (3.1') with a0 | - :Q . consfranfts

Lemma 3.2. Let L i, i

and bi = ¢ =0, Let M be the linear transformation

e T AT e ..
!

AL o e e
M ST WS TR .

_
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1
Y,
0 0 2472
. g, = layxmay x)/a) A - (ay ja, 5 = lay %)
(3.8)
L,
) _ 0
B = X /Ay
o
el
" and 6(51,52) = U(X1(£1152)' X2(51,52)). Then
2 LOu = (-am).
L4
and the conormal Ng in (x1,x2) transforms into the normal n in
(84,E5). |
The lemma follows easily by simple computation.
-~ The transformation M maps the polygonal domain  into the
:‘ * *
. polygonal domain Q¥ with interior angle wis Wy = M(wi).
} Let now L Dbe the general operator (3.1). By assumption the
i coefficient aj j are analytic on Q. Hence we can define mappings My
- . . . 0o *
- associated to the vertices A, with aj y = ai,j(Ak) and set w, =
. M(wk)-
o 3.2. THE REGULARITY OF THE SOLUTION
The main theorem of this chapter is
. 3
2 0 g . 2 !
. Theorem 3.1. Ler f ¢ Bg(Q), g~ ¢ BB (Fi), I =0,1, B = (By,...,8y),
. 0 <8 <1, By >1 - mwl (respectively 8; > 1 - n/2u¥ if Dirichlet or
“ Neumann boundary condirions are imposed on the edges Fi and Fi-1' T
é ?irlfi-1 = Ai) and 10 # @. Then problem (3.7) has a unique solation
3 in H'(Q) and u ¢ BE(4).




R IR I N A A )

Proof. The main idea of the proof is the same as in Theorem 2.1, namely

53

that in the neighborhood of every vertex Ai the inequality (2.40)

holds. By Theorem 5.7.%1, 5.6.1' and 6.6.1 of [16] u is analytic in @

and on (open) T,

i TSI 4M

Let the mapping Ml maps § into Q% with the vertex Al mapped
*
into origin and the edge Fl being mapped into Ty 1lying on the axes

€. Defining u(gy,&5) = u(M_1(£1,52)) we have

(3.9) L¥(uw) = f
where
- % - - % - —
(3.10) L¥() = -Au - a; .u + b.fi, + cu
i,5.1 3B gL T8

b, and ¢ are analytic functions in

with ai’j(0,0) = 0, and aj 50 b

Q.
Let S=1{r,6 | 0<r <&, 0<6<w), 6 =86<71 and S
0%, Let us analyze in detail the case F;_1, F; FO*. (Let us write

further T, instead of F;.) We have

(3.11) L¥(u) = f on S

~ O~ =~
dj~ ~ = G l

ToUTo_
FQUF1_1 LY -1

where Fg = FQ N S. Without a loss of generality we can assume G0 =0

(if not we set v = u - G¥). We rewrite (3.10) by replacing u, aj g

bj, ¢, f by wu, ajys bj, c,f, and (§y,E5) by (x4,x5). Then

1

2
(32)-pu = £, = £+
J
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By Theorem 2.1 (see (2.44)) we have for By > 1 - %; and
L
§
(33 Jul ¢ cylle, | o Jul )
2,2 2 Mol (s e _
HB (S5 ) B 78 H (S-S, )

where for simplicity we set B = By. Since ai’j(0,0) =0 and CE are

analytic in Q% we have |[a; JI < Cyr in 55 and hence
L

(3.1%) la. .u | < C,6, | .
i, xx WL (S, ) = "1 1 Wx x VL (S )
i3 8 61 i3 78 61
One has
u = u, cos 6 - u, sin 6
X4 r 0 -
u = u cos?e - Ung ELE_EQ + 15 v, sinze
X3 r r 6
1 L2, 1 X
- u, sin" 6 5 Ug sin 28
r
and similar expressions for “x1x2 and u 5. Using Lemma A2 scaled to
X
2
the sector 851 we get for |a] =1
a1-2 ( a{-Z o
|r D u| < C Z r ) uI
Lg(Ss ) 2 lar]=2 Lg(85 )

[ar(<

with Cy > 1  independent of 8y

Hence

L S
ettt vt
R »

AN -(\.. -‘_ .’
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Analogously it can be readily proven that (3.15) holds for uxixj’

i=1,2.

Using (3.14) in (3.15) we get

2
(3.16) A EVR I | < ¢,C, 8, Jul
Prger a3 XXy Le(sc1) 2%1°1 HE’Z(Sa )

c, 8, Jul
3% 2,2
Ha (sé‘)

where C3 is independent of u and §&;. Let us select &4 so that

CoC38y < Y. Then we get from (3.13)

(3.17) ul < c. llfl + Jul + Jul ]
2,2 = 70 L, (&) 1,6 _ -
He (551) 8 (S4=S /o) Hz(s6 551)
+ C.C,8, Jul .
0-3°1 2,2
Hy (sé‘)
Hence
(.18 |l < o llel, g+ Il ¢ lul ].
Hz’z(s6 ) 4Tt H’(ss) H2(85—86 )

1 1

Because « 1is analytic we have for any |a] =k




(3.19) o%ul _
LZ(SG 551)

and we have also u € H‘(SG). Hence u ¢ Hg’z (561)'

Let now Vg = rku K? k 2 1. Then
r

(3 ) vk k Kk * K on 61

where

(3.21a) £{")

(3.210) {2

As before we have

(3.22) <

vl < colled + v d
<2:2(s, ) ol (s v
1

).
)

1
H (85 86/2
Since by assumption f € BBO(Q) there exists constants Cf, de

such that

() K
(3.23) If, ILB(SS) < Cpdpd!

i,5° °j°

constants Cg, dg such that for |a| =k >0

Because the coefficients a ¢ are analytic in §{ there exist
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!
; fo%ay ;1 < cedfkt,
. (3.24) Ip%;] < Ceagkt,
T
‘ -
b [D%| < Cedgk!.
Hence for 0 ¢ k-m<g 2
) vy ) gl & CorZTHMafZTHem
and for k- m2 2
: I(r‘zai J) k_ml S E6dlé—m(k"m)!'
.. 4 r
» Therefore for i,j = 1,2
. k=2, 1
. (3.214) Ir" “(r'a, .u )
L037x %7 K Le(551)
T (4122 (u, . )
< Ir" “(r%a, ;) _ (u |
m=0 m i, r'k m xixj rm LB(SG.‘)
"
X K
: < Cyéylrtu kILB(Sé )
- X Jr 1
3 k-1
] WL dk'm(k—m)!|rk"2+5(m’k)u |
3 mo M 00 xxrmLs[sé)
4 i 1
! where
: E(my,k) = 2 -k +m for 0<Ck-m¢g?2
2
4

for k-m> 2.

L}
o

. £(m,k)

P A S N
DA e N - '
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Obviously

(3.26) |02urk| ¢ k| 2y | ¢ 2k|rk—1urk+1| . k(k-1)|rkurk|

and by (A.10) of Lemma A.Y4 we get

(3.27) |rku

+ Cc k! L
7 2S|alsk+1 (Ja]=-2)!

For m< k - 1, by (A.11) of Lemma A.Y4

k-2+E(m,k)
(3.28) Ir" u mILB(Sa )

i 1

< com(

7 (laf-2)!

2¢|al<me2
05a252

Hence

25|a|5m+2 (lal=-2)!

Similarly

2
(3.30)  [p*72(r? T b
3=t

| < b
K LB(s6 ) k2,2

a
z k=|al+3 Ir

Z (m-|a +3)|P

(m-]a]+3) IPG1_2DQU|
L

+ rleu) kIL (s
r- "8

(551)

e | lul )
D u + fu .
Ls(sé ) 1

S, )

1

" | Ll )
Du + Ju .
La(ss ) (s

)
1 5,
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K a, =2
k 1 i a
< Cokt( ] d ) — Ir | + Jul ).
T neo T o2¢af <me (TaT-11 LB(SG’) H‘(sé )

1
a251

Thus
k
< Gyl 5 0

He' (s )
1 B 6

(3.31) v |
kl 2,2
Hy' “(sg

k-1aj+3 o
+ cox[( - r.. Dul
2¢|alcksr Tof-22t LB(SG1)
a252
k=1 a, =2
k-m {(m-jal+3) 1 a
+ Ju] + ) d ) - Ir ol
H(s, ) m0 | 2¢laf¢me2 (laf-2)! Ls(sc‘]
‘ 0<a, <2
k a, -2
¥-m 1 1
+ I d ) —7 Ir Dl
n=0 2¢fafcmn (Tl Le(sa1)
05a251
K
+ Ccdok! + Ju] ].
ff Hk+2(Sé°Sé )

1

Assuming by induction that (2.40) holds for a, < 2 and [a] < k -1 and
realizing that for CuC8, < % we get (2.40) for |a| =k, oy $2
provided that L and D are sufficiently large.

The same argument as has been used in Section 2 yields (2.40) for

a, > 2. So far we have assumed that (rl_1 U rl)C FO. In the case

Ty ¢ F1, r2_1 C ro we proceed analogously. We have
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2 2
- = £+ ) a, .u ! bi_ -ecu = f on S, ul-~
1,351 1 XXy g 3% 1 8 Fg-1=0
) u _ rou
an| = 5 (ay ou 82,2% N
] r 1 2 r -
L '3
= G1| - (a, u, +a, ou, )] = 51|
T 1,2 X, 2,2° X 7
L L L

with a; ;(0,0) = 0. By (2.44) we have ;

:
ll 5, < el sy * o1, + 8l 5 5
Hg (361) 8 "8 ' (Sg) HB (Sa )

)

| + Qul
H1(SG) HZ(SG—SG )
1

and the proof is very similar as before. The same arguments hold for the

case (T To_q) C P‘. Combining the results for every vertex we get our ‘
L -1

theorem. -

Remark. In the proof that u € Bg(ﬂ) we have only assumed that the
solution exists. The other conditions, namely (3.4) and (3.5), only
guarantee this existence.

We have assumed that the coefficients ai,j' bj, ¢ are analytic on

f%. This assumption can be weakened. For example, we can assume that

M +
ai,j' bJ, ¢ are analytic on - U Aj and in the neighborhood of AE' :

3=1 .

£ =1,...,M -
a - h
a k,, EL7K '

|D (aj 4y 400,00 < cdktrg
i
P-k-1

€
0% < cdfkry?

. SR TR AR "-}'n",'-'.":..P . \.L." R ..:..: .\-.\-. T et e e e e, u_-'.‘_.. S::.:_‘.'.\: .‘-'.._-.-_; N ey ‘ R T VI .\)-_ .-..’-_ AL RN
» ; .



C_y-
S-k-2

|p%]| < Cdkk!r;

with €3, €5 >0 arbitrarily, €§ >0, € + 8, >1, and k = |a.
Nevertheless we will not go here in further details although this case

plays an important role when nonlinear problem is studied.
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8. APPENDIX

Lemma A.1. One has the inequality

: : 2
(A1) [ t272z(t)-a2%ae < clo) [ t%(SE) at, o« 41

0 0
where a = z{(0) if a < t, a=2z(1) if a > 1.

Proof. For a < 1 we have by Theorem 2.54 of [13]
T -2 2 ‘ 2
[ 87 w(s)|%ax < c[] Jw'(s)]%as + w(1)], w(0) = 0.
0 0]
! 2
Because |w(1)[2 < [ |w'd(s)]%ds we have
0]

] 1
[ s2lu(s)|%ds < ¢ | |w(s)|%ds
0 0

L-a

Setting w(t) = z(t) - z(0) and s =t we get

1
£972(2(£)-2(00)2dt ¢ ¢ [ t%]z'(t)|3at.
0

Or—r

For a > 1 we use Theorem 2.55 of [13]

O3

sT2|w(s)[%ds < 4 [ fw'(s)|Zs, w(0) = 0.
0

1

S -

Setting t s1 ¢ w(s) = 2(51-a) -2(Y) for 8 >1 and w(s) =0

#

for s £ 1. Then we gef Al.
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Lemma A.2. Let Sg=1{r,86 | 0<r<s 0<8<wl. Then for 0 < B < 1:

. i)
-1 42 [ %7 a [2 2 ]
(A.2) Ir vl < cl ¥ o DR + Ju _
Lo(s) Jaf1 L(s) L,(5,-5,)
ii) for |a] =1
a, -2 al-2
1 2 1 2 2
(A.3) Ir DaulL (s.) § ck ¥ |r Duly sy " lul®, ].
B ™1 |at|=2 B 1 H (S-S,
2

Proof. The proof is similar to the one of [5].

1) Let
- 1
u(r) = - T u(r,0)de
w
0
then
ulr) = - ? u (r,8)de
r w rp?
0
and hence
bo2ge - 2 2
[r Ju,(r)["ar < c'”rILB(S1)°

Using (A.1) we get
} 28-1 - 2 2
r Ju(r) - a]®ar < Clu_}
5 r LB(S1)

where a = u(1), and by the imbedding theorem

la| < ¢ J (G2 + ng)dr.
%
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Hence
1
28-1 - 3 2 2
r lu(r)|?ar < cl]u_] + Jul ey
g r LB(SI) L2(51 S,/z)
and
-1-42 2 2
(A.4) I3 ¢ cflul o V1 A
LB(S1) r LB(s1) L, (S, s%)

Further for almost all r, ¢ we get

u(r,@) = U(P.W) = & ue(r)e)de

and therefore

- ®
lutr,0) = Gr)| = |w™ T av | ug(r,8)ds|
0 v

< c[? [ue(r,e)fzde]%
0

and
7 lutr, ) = 3(r)}2 a8 ¢ © T lug(r,0)|%ds.
0 0

Hence

(A.5) [ r?B 2| u(e0-U(r)|%r dar do

$ C f rzs_zfue(r,e)lzr dr dé.
Combining (A.4) and (A.5) we get (A.2).

2) Let Vv =u.., Then using (A.2) we have

R
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-1 2 2 -1 2 2
rou | < cliu | e u + u ] —q ]
Ir o, Ly(s,) relL(s)) rolL (s elLy(s,-s,)

u
which is (A.3) for ay = 1, ar = 0. Let now denote v = ;9 and repeat

our argument. Let
- 1
v(r) = 5 f v(r,0)ds

then analogously

(A.6) eV <

< ]
Ly(s)) )

2 2
cliv.l « vl ,
r LB(S1) L2(S1 S,/2

-1 -1 2
cllr v | + e u ey )
or LB(S1) ] L2(s1 S%)

Now

¢
vir,o) - v(r,y) = f — de¢
v

and hence

1 u 2
T [vir,) - V(r)|2d¢ $ C f(—gg) do.
0 o '

Multiplying this equation by r26'1 and integrating with respect to r

we get
1
(A.7) | T r2872)v(r,0) - ¥(r)|%r dr do
00
! I“eel2 28-2
< I ? — —r e r dr do.
00 r
Combining (A.6) and (A.7) we get (A.3). ||

Lemma A.3. For 0 < B <1 one has




......

-1 g2 a g2 2
(A.8) |r 'u} < cl 1 o] + ul ey
Lg(S)) g Ly(s)) Lo(5,-5,)
For J|a] =1

-1 .a a g2 2
(2.9) |r''p UILB(S1) < cf 2=2 Io%u] 8 + Jul?, l.

Proof. Because

) IDaulf oy - Ira1“1vau|L s )
1 B 71 g- 1

o] -

)
o]

(A.8) follows immediately from (A.2). Let v = D*u. Then (A.9) follows

immediately from A.8. | |

Lemma A.4. Let S ={r,0 | 0<r <8, O0<6<wl. Then for k < O,

i,j =1,2
K Kis2
(A.10) Jr"u | < et ]
< x oK Lg(® PR (S)
13
-2
(k=la]*3) .11 o
+ ck! ) — Jr © D7uj + Juj ]
2¢fafqen Helm2 Lg(S) H'(S)
O§a252

and for m¢< k-1, k21, i,j=1,2

Irk—2+E,(m,k)u

(A1)

|
e r® LB(S)
1]

< Cm!( z m-{af+3
1¢faf¢mea 01720

O§a252

)

a1—2 a
Ir D7yl + Jul
Lg(S) H'(S)

. W T T v ey ewy
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and

£(m,k) 2-k+m for 0<k-mg2

£(m,k)

]
o

for k-m>2

and C 1is independent of wu, but depends on & and w.

Proof. We will prove A(10) only for i =1, j = 0. Proof of the other

two cases is completely analogous. We have

up = cos? & - Ung §£§_§9 + 15 u 2 sin®e - % u, sine - 15 ug sin 28.
1 r r
Hence
K ok 2 sin 26
(A.12) ru,,  =r (u 2408 8 -u kel
x1r r r 0
1 2 k3
+ 5, ,osine) - sin 26 I DR (- et
r- re 2=0 ro 8
k-1 -
+ sine zzo (-1KEE) (k=) ek TU g2
5 -1
- aind 1 K-,k - 2 'u
sin“8 920 (-1) (2)(k L)tr P+l
K 'l -
- sin® ) (-1)k/ (z)(k-l+1)!r 24 %
2=0 r-e

which yields

< IPfp

Kk 2
(A.13) Ir'u | < u |
xfrk LB(S) K LB(S)

.......

.....
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13
)]
Cad
ksl g -1 K3l (k=2+41) . 2-2
+ k! () = r v | + ] == r" " |
eEo &1 R LB(s) g0 ! g2 LB(s)
PN
L) kgl g 2-1 kel k-g+1 -2
- + 1 =17 | SRR e B LR VI | )
1 1

b g=0 %! rl""l LB(S) 220 2! rle LB(S)
N
: s IPZ‘DZU II + Ck'( z (k" GLﬁ Ira1—2vau|
f ¢ -)
'\- a2_<_2
' -1 -2
- Cleoud sy I Tl (gl
N 8 B
-
:'
4 (A.13) combined with Lemma 2 yields (A.10).
N The proof of (A.11) is quite analogous as above. e
[~
-,
)
’
o
o
¢
o
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The Laboratory for Numerical analysis is an integral part of the

Institute for Physical Science and Technology of the University of Maryland,
under the general administration of the Director, Institute for Physical
Science and Technology. It has the following goals:

¢ T»n conduct research in the mathematical theory and computational
implementation of numerical analysis and related topics, with emphasis
on the numerical treatment of linear and nonlinear differential equa-
tions and problems in linear and nonlinear algebra.

o To help bridge gaps between computational directions in engineering,
physics, etc., and those in the mathematical community.

(o} To prcvide a limited consulting service in all areas of numerical
mathematics fo the Universify as a whole, and also to government
agencies and industries in the State of Maryland and the Washington
Metropolitan area.

o) To assist with the education of numeriecal analysts, especially at the
postdoctoral level, in conjunction with the Interdisciplinary Applied
Mathematics Program and the prcgrams cf the Mathematics and Computer
Science Departments. This inclides active collaboration with govern-
ment agencies such as the National Bureau of Standards.

o] To be an international center of study and research for foreign
students in numerical mathematics who are supported by foreign govern-
ments or exchange agencies (Fulbright, etc.)

Further information may be obtained from Professor I. BabuSka, Chairman,
Laboratory for Numerical Analysis, Institute for Physical Science and
Technology, University of Maryland, College Park, Maryland 20742,
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